Abstract. We show that for every n ≥ 4, 0 ≤ k ≤ n − 3, p ∈ (0, 3] and every origin-symmetric convex body K in R n , the function x −k 2 x −n+k+p K represents a positive definite distribution on R n , where · 2 is the Euclidean norm and · K is the Minkowski functional of K. We apply this fact to prove a result of Busemann-Petty type that the inequalities for the derivatives of order (n−4) at zero of X-ray functions of two convex bodies imply the inequalities for the volume of average m-dimensional sections of these bodies for all 3 ≤ m ≤ n. We also prove a sharp lower estimate for the maximal derivative of X-ray functions of the order (n − 4) at zero.
Introduction
Let K be an origin-symmetric star body in R n . For every ξ ∈ S n−1 , we define the X-ray function z → A K,ξ (z), z ∈ R by
where ξ ⊥ = {x ∈ R n : (x, ξ) = 0} is the central hyperplane orthogonal to ξ.
The recent solution to the Busemann-Petty problem shows that, for originsymmetric convex bodies K and L in R n , the inequalities A K,ξ (0) ≤ A L,ξ (0) for all ξ ∈ S n−1 imply vol n (K) ≤ vol n (L) if n ≤ 4, but this is no longer true if n ≥ 5 (see [2] and [7] for the history of the solution that appeared as a result of work of many mathematicians).
The question of what information on the behavior of X-ray functions at zero implies the inequality for volumes in dimensions 5 and higher was considered in [5] . The following result from [5, Th.3] generalizes the solution of the Busemann-Petty problem and shows that in dimension n one needs to compare the derivatives of X-ray functions of the order greater or equal to n − 4:
Theorem A. Let K and L be k-smooth origin symmetric convex bodies in R n such that, for every ξ ∈ S n−1 ,
where k is an even integer and 0 ≤ k ≤ n − 2.
Here A (k) K,ξ (0) stands for the derivative of the order k of the X-ray function at zero. The result of Theorem A remains valid (the proof is exactly the same) for odd k if one replaces the expressions of the form (−1)
In this note we show that the inequalities for the derivatives of the order n − 4 imply more than just the inequality for the n-dimensional volumes. Denote by
where Gr(n, m) is the Grassmanian of m-dimensional subspaces of R n equipped with the probability Haar measure. Then AV m (K) is the average volume of mdimensional central sections of K. We prove Theorem 1. Let n ≥ 4, K and L be (n−4)-smooth origin symmetric convex bodies in R n . Suppose that n is an even number and that, for every ξ ∈ S n−1 ,
(for odd n, replace the derivatives in (3) by the corresponding expressions from (2)). Then, for every integer 3 ≤ m ≤ n, we have
As a consequence we get that for even n, 3 ≤ m ≤ n and any (n − 4)-smooth origin-symmetric convex body K in R n max ξ∈S n−1
with equality for the Euclidean ball. The proof of Theorem 1 is based on a connection between the derivatives of Xray functions and the Fourier transform (see Theorem B below) and on a fact that if f is a function on R n that is a positive definite distribution on all hyperplanes passing through the origin then x
is a positive definite distribution on R n .
A property of positive definite distributions.
As usual, we denote by S the space of rapidly decreasing infinitely differentiable functions (test functions) on R n with values in C. By S we denote the space of distributions over S. The Fourier transform of a distribution f is defined by f ,φ = (2π) n f, ϕ for every test function ϕ. If a test function ϕ is even, we have
By L.Schwartz's generalization of Bochner's theorem, a distribution is positive definite if and only if its Fourier transform is a positive distribution (in the sense that f, ϕ ≥ 0 for every non-negative test function ϕ; see, for example, [4, p. 152] ). For 1 ≤ k < n, we denote by G(n, k) the Grassmanian of k-dimensional subspaces of R n equipped with the normalized Haar measure dH. We use the following wellknown fact: if 1 ≤ k < n, and g ∈ C(S n−1 ) then (4)
where |S n−1 | = 2π n/2 /Γ(n/2) is the surface area of the unit sphere S n−1 in R n .
We need one more simple fact (see for example [5, Lemma 6] ). Let 1 ≤ k < n, φ be an integrable function on R n and H ∈ G(n, n − k). Suppose that φ is integrable on H and that the Fourier transformφ is integrable on H ⊥ . Then
Note that this fact is formulated in [5] for even functions φ, but this condition is not needed. This follows from a simple observation that, for any test function φ, H φ(x) dx = H φ(−x) dx, and that a similar equality holds for the Fourier transform.
Lemma 2. Let φ ∈ S(R n ) be a test function and H ∈ G(n, n − k). Then the Fourier transform of the restriction of φ to H can be expressed in terms of the Fourier transform of φ on R n as follows: for every x ∈ H,
Proof. By (5) and the connection between shifts and the Fourier transform, for every x ∈ H we have
Theorem 3. Let 1 ≤ k < n and let f be an even function on R n , which is locally integrable, continuous and bounded outside of the origin. Suppose that the function x
Proof. For every even non-negative test function φ, passing to the spherical coordinates and using (4) we get
It suffices to prove that H f (x)φ(x) dx ≥ 0 for every H. Writing this integral as the action of the distribution f | H on the test functionφ| H ∈ S(H) and using Lemma 2, we get
Here we used the fact that (φ)
a non-negative test function on H and f | H is positive definite on H, we get that
∧ is an even distribution, the result follows.
It was proved in [6, Th.2] that, for every origin-symmetric convex body K in R n and every q ∈ [n − 3, n), the function x is a positive definite distribution on R n .
Geometric applications
We say that K is a star body in R n if it is starshaped with respect to the origin and the origin is an interior point of K. We denote by x K = min{a > 0 : x ∈ aK} the Minkowski functional on R n generated by K.
A star body K is k-smooth if the restriction of the Minkowski functional of K to the sphere S n−1 belongs to the space C (k) (S n−1 ) of continuously differentiable up to the order k functions on S n−1 .
We need an elementary formula for the m-dimensional volume of the section of K by a subspace H ∈ Gr(n, m) :
From this and (4) we get
The following connection between the derivatives of X-ray functions and the Fourier transform, established in [2, Th.1], allows us to translate our geometric problem into the language of Fourier analysis (the condition that K is infinitely smooth is replaced here by k-smoothness according to Remark 1 from [5] ).
Theorem B. Let K be an origin-symmetric k-smooth star body in R n , where 0 ≤ k ≤ n − 2. Suppose that ξ ∈ S n−1 , and let A K,ξ be the X-ray function of K.
where ( x −n+k+1 K ) ∧ is the Fourier transform in the sense of distributions.
Note that the result of Theorem B implies, in particular, that if K is k-smooth
∧ is a continuous function on the sphere S n−1 .
Theorem B immediately implies a generalization of Minkowski's theorem that a symmetric star body is uniquely determined by the volumes of its central hyperplane sections (see for example [1, p.248] ). The following result shows that a body is uniquely determined by the derivatives of given order of X-ray functions at zero.
Corollary 5. Let k be an even integer, 0 ≤ k ≤ n − 2, and K and L be origin symmetric k-smooth star bodies in R n so that A
Proof. By Theorem B, for every ξ ∈ S n−1 ,
Therefore, homogeneous functions (
erywhere on R n . By the uniqueness theorem for the Fourier tranform, we have
We will use the following version of Parseval's formula from [5, Corollary 1].
Lemma 6. Let m be an integer, 0 ≤ m ≤ n − 2, and suppose that C is an origin symmetric star body in R n so that
Then there exists a (non-negative) measure γ C on S n−1 so that for every m-smooth origin-symmetric star body D (8)
We are now ready to prove Theorem 1.
Proof of Theorem 1. By Theorem B, the condition (3) of Theorem 1 and its version for odd n are both equivalent to
for every ξ ∈ S n−1 .
Fix any k, 0 ≤ k ≤ n − 3 and define an origin-symmetric star body C by
By Corollary 4, the function x −n+3 C is a positive definite distribution. By Lemma 6 with m = n − 4, inequalities (9) and Hölder's inequality, we have
L dx ≤ .
We get that
which, by (7), implies AV n−k (K) ≤ AV n−k (L).
As an immediate consequence of Theorem 1 we get the following estimate that turns into equality in the case of the Euclidean ball.
Corollary 7. Suppose that n is an even integer, K is an (n − 4)-smooth originsymmetric convex body in R n and 3 ≤ m ≤ n. Then
